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The Dirac delta function has often been employed to represent the amplitude of concen-
trated harmonic forces in the analysis of vibration of elastic structures such as beams
and plates. It is known that this function, as represented by a truncated Fourier series, does
not provide a true representation of a concentrated force, nevertheless, it is frequently
employed and good convergence is usually, though not always, encountered in solutions
thereby obtained. In this paper, the nature of the function is discussed and for illustrative
purposes it is used to obtain series solutions for some selected beam and plate free vibra-
tion problems. In some cases problems are chosen for which exact solutions are already
obtainable by analytical means. This permits powerful checks to be made on rates of con-
vergence experienced when the series solutions are investigated. Rates of convergence are
discussed in detail and it is explained why convergence is to be expected when analyzing
certain families of problems when employing this function and a lack of convergence is to
be expected in others.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Trigonometric series expansions of the Dirac function have been utilized by numerous researchers in the analysis of
vibratory behaviour of elastic structures. In particular, the present author has successfully employed this mathematical de-
vice on numerous occasions for the modeling of concentrated driving forces, and inertia forces, in the free vibration analysis
of rectangular plates resting on point supports and with local attached masses (Gorman, 1999). A number of other pertinent
publications are listed in this same reference. Such studies have application, for example, in predicting free vibration fre-
quencies and mode shapes related to electronic circuit board vibration (electronic packaging).
It remains a fact, nevertheless, that there exist numerous misconceptions and misunderstandings related to the behaviour
of this useful mathematical tool and to convergence of vibration problem solutions obtained when it is employed, etc. Stu-
dents are sometimes led to believe that trigonometric series expansions of the function converge to a value of zero all along
the range of the expansion with the exception of a point of concentration where the function arises abruptly toward inﬁnity
over an inﬁnitesimally short interval, the integral of the function over this interval being equal to unity. This is not the case.
The object of this paper is to try and remove some of these misconceptions and to throw some light on the actual behav-
iour of the function in so far as it relates to vibration analysis of elastic body vibratory behaviour. It will be explained why for
certain families of problems use of the function leads to excellent convergence of the solution while, for other families of
problems, no such convergence is obtained.. All rights reserved.
77.
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It is the author’s opinion that the best means to gain an understanding of the potential of the Dirac function as a math-
ematical modeling tool is to utilize it in the analysis of some simple vibratory problems where exact solutions are already
known. Accordingly, we turn to some extremely simple slender beam free vibration problems.
2.1. The slender two-span beam problem
Consider the slender two-span beam of Fig. 1(a). It is given simple support at each extremity as well as intermediate lat-
eral support at dimensionless distance l from the left end. The governing differential equation controlling amplitude of beam
lateral vibration in each beam span, R1(n), and R2(n), is written as,d4RðnÞ
dn4
 b4RðnÞ ¼ 0: ð1Þwhere,b4 ¼ qAx
2
EI
ð2Þn equals distance along beam divided by beam length, EI equals beam bending stiffness, qA equals beam mass per unit
length, and x equals circular frequency of beam vibration.
The solution for R1(n) is expressed as,R1ðnÞ ¼ A1 sinbnþ B1 cosbnþ C1 sinhbnþ D1 coshbn ð3Þ
where A1, B1, etc. are constants to be determined. The quantity R2(n) is expressed in a similar manner using subscript 2.
Four of the above constants are evaluated through enforcing simple support conditions at each outer extremity of the
beam. Two more are evaluated through enforcement of the condition of zero lateral displacement at the inner extremity
of each bean span. Finally, we enforce conditions of continuity of beam bending moment and slope at the location of the
beam intermediate support. It is easily shown that this leads to a set of two simultaneous homogeneous algebraic equations
written as,A1 cos bl sinblsinhbl cosh bl
 
þ A2 cosbc sinbcsinhbc cosh bc
 
¼ 0: ð4Þand,A1 sinbl A2 sinbc ¼ 0: ð5Þ
where, c = 1l. Exact solutions for the free vibration eigenvalues, b, of this problem are obtained by searching for those val-
ues of the parameter b which cause the determinant of the coefﬁcient matrix for the unknowns A1 and A2 above to vanish.
We now look at an alternative approach to solving this same problem employing the Dirac function. Consider the slender
beam as shown in Fig. 1(b). It is identical to that of Fig. 1(a) except that now we consider the reaction exerted on the beam at
the intermediate support to be provided by a concentrated harmonic driving force. The amplitude of this driving force is rep-
resented by means of a Dirac function expanded in a sine series. The differential equation governing the beam vibratory
behaviour is no longer homogeneous and is written as,d4RðnÞ
dn4
 b4RðnÞ ¼ P
XK
m¼1
sinmpl sinmpn ð6Þwhere P* is the dimensionless amplitude of the concentrated harmonic driving force. We express the amplitude of the beam
vibratory response as,RðnÞ ¼
XK
m¼1
Em sinmpn ð7ÞIt will be noted that each term in the series of Eq. (7) satisﬁes exactly the prescribed boundary conditions at each extrem-
ity of the beam.μ μ
R1(ξ) R2(ξ) R(ξ) P*ξξ ξ
a b
Fig. 1. Schematic representation of two span beam.
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and therefore,Em ¼ P
 sinmpl
ðmpÞ4  b4
ð9ÞBeam lateral displacement at the point of application of the driving force is therefore given as follows,RðnÞjn¼l ¼ P
XK
m¼1
sin2 mpl
ðmpÞ4  b4 ð10ÞIn order for free vibration to occur the quantity P* must be non-zero. This can occur only if b takes on those values (eigen-
values) which permit the summation quantity on the right hand side of Eq. (18) to vanish, ie.,XK
m¼1
sin2 mpl
ðmpÞ4  b4 ¼ 0: ð11ÞWe therefore can compute exact eigenvalues for the two-span vibrating beam as discussed earlier, or eigenvalues of arbi-
trary exactitude by simply increasing the number of terms, K in Eq. (11). We will be interested in how rapidly the eigen-
values computed through this equation converge toward the exact eigenvalue as the series summation limit, K, is increased.
For illustrative purposes we will examine the problem where the beam intermediate support is located at the beam mid-
point (l = 0.5). It will be appreciated that the ﬁrst free vibration mode of this beam, where the intermediate support plays an
active role, will in fact be the ﬁrst mode with vibratory displacement symmetrically distributed about the support point. In
fact, for this mode, each half of the beamwill vibrate as a clamped simply supported beamwith clamping at the intermediate
support location.
The exact eigenvalue for this problem, computed to six signiﬁcant digits, equals 7.85320. In Fig. 2, a plot of computed
eigenvalue vs. number of terms utilized in the Dirac function series representation of Eq. (6), is presented. These eigenvalues
are computed, of course, by means of Eq. (11). Eigenvalues are plotted for odd values of the summation limit, K, only. Due to
symmetry in the problem, series terms with even subscripts will not be active. The broken horizontal line of Fig. 2 represents
the exact limit being approached.
It is interesting and informative to note how eigenvalues computed here through use of the Dirac function move in on the
exact eigenvalue with such rapidity as the parameter K is increased. With K equal 50, for example, the eigenvalue is obvi-
ously correct to ﬁve signiﬁcant digits.
No such study would be complete without examining the actual distribution of the driving force to see how far it deviates
from the ideal distribution as discussed earlier. In Fig. 3, a plot of the actual distribution of the driving force amplitude over
the left beam segment is presented with a value of K arbitrarily set equal to 41. Due to symmetry the distribution of driving
force along the right beam span will be identical. It will be noted that the computed eigenvalue, with this value of K, is ex-
tremely close to the exact value (Fig. 2). We note, however, that the driving force distribution is far removed from the clas-
sical notion of the distribution of the Dirac function. It is seen that the actual distribution of the applied force has a total of 41
half-waves along the entire beam. It is also observed in Fig. 3 that half-waves very gradually increase in amplitude as we
move in from the outer end toward the centre of the beam.
One might ask why these half-waves do not act to distort the computed frequencies and cause them to deviate from exact
values. The explanation as seen by the present author centres around the fact that small transverse forces associated withFig. 2. Plot of computed eigenvalue vs. number of terms K utilized in Dirac function series for beam problem of Fig. 1.
Fig. 3. Plot of actual distribution of driving force amplitude over the left beam segment of Fig. 1 K = 42.
4608 D.J. Gorman / International Journal of Solids and Structures 45 (2008) 4605–4614each adjacent pair of half-waves tend to cancel out each others driving effects. The notion of small pairs of adjacent forces,
acting in opposite directions and distributed along the edge of a plate, has been used historically in the mathematical for-
mulation of plate free edge boundary conditions. It is discussed at length by Timoshenko and Woinowski-Kreiger (Timo-
shenko and Woinowski-Kreiger, 1959).
It is also noted in Fig. 3 that while the main contribution to net driving force is to be found adjacent to the location of the
beam intermediate support point, it is obvious that it is not highly concentrated at this point. We must accept, however, that
in view of the St. Vennant principle it does not need to be so concentrated. Very good results can be obtained with the com-
putation procedure described, so long as the local force distribution is statically equivalent to that of a single highly concen-
trated force.
The author has on numerous occasions used the Dirac function to represent a transverse concentrated harmonic force
acting along the edge, or on the lateral surface, of a rectangular plate. This practice was followed in analyzing the free vibra-
tion of point supported plates. While good results were obtained some readers have criticized the technique because of the
residual forces acting along the plate edge as discussed above or along a line passing through the location of the point sup-
port acting on the plate lateral surface. The answer to such criticism is to be found here. Fortunately, adjacent pairs of such
residual forces tend to cancel each other out thereby permitting the accuracy demonstrated here in computation of eigen-
values utilizing the Dirac function to represent concentrated forces.
2.2. Slender beam with slope controlled at internal point
To throw some further light on the current subject one additional beam vibration problem is introduced and is analyzed
using the Dirac function. Consider the slender beam of Fig. 4(a). It is simply supported at each extremity while at the quarter-> >
:
M R(ξ)
μ
ε ε
R(ξ)
a b
Fig. 4. Beam with slope forbidden distance l from origin.
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easy to compute the exact ﬁrst mode free vibration eigenvalue for this problem following the same general procedure de-
scribed for the ﬁrst problem. Conditions of zero slope are enforced at the inner ends of the beam segments. Continuity of
transverse displacement and transverse shear force are enforced at the point of moment application.
Turning next to solution of the same problem by utilization of the Dirac function, we recognize that a harmonic moment
can be applied to the beam by means of two concentrated harmonic forces of dimensionless amplitude P*/2, acting in oppo-
site directions at inﬁnitesimally small dimensionless distance , from the point of moment application (Fig. 4(b)). It is nec-
essary ultimately to let distance , approach zero(Timoshenko, 1956). Utilizing Eq. (10) it becomes obvious that the
amplitude of response of the beam, resulting from the action of the two forces, becomes,RðnÞ ¼ P

2e
XK
m¼1
½sinmpðl eÞ  sinmpðlþ eÞ
ðmpÞ4  b4 sinmpn ð12ÞUsing the trigonometric identities we may write,RðnÞ ¼ P

2e
XK
m¼1
½sinmpl cosmpe cosmpl sinmpe
ðmpÞ4  b4
sinmpn
 P

2e
XK
m¼1
½sinmpl cosmpeþ cosmpl sinmpe
ðmpÞ4  b4
sinmpn
ð13ÞLetting the quantity  approach zero, we have,RðnÞ ¼ P
XK
m¼1
mp
cosmpl sinmpn
ðmpÞ4  b4
ð14Þand the condition that there should be zero slope at the location, n = l, leads to the required condition,P
XK
m¼1
ðmpÞ2 cos2 mpl
ðmpÞ4  b4 ¼ 0: ð15ÞEq. (14) is the counterpart, for the present problem, of Eq. (10) of the earlier problem. Eigenvalues for the present problem
will be those values of the parameter b which satisfy the condition,XK
m¼1
ðmpÞ2 cos2 mpl
ðmpÞ4  b4 ¼ 0: ð16ÞIt will be obvious that the presence of the quantity (mp)2 in the numerator of each term of Eq. (16) will signiﬁcantly de-
tract from convergence. This effect will now be observed.
In Fig. 5, a plot of computed eigenvalues vs. number of terms employed in Eq. (16) is presented. The exact eigenvalue
equals 4.2159 and is indicated by the broken horizontal line in the ﬁgure. It is seen that convergence for this problem is very
much slower than it was for the earlier one. There are two reasons for this.
It is well known that when trigonometric series of the type associated here with the Dirac function are differentiated
term-by-term, convergence of the new series is greatly reduced. On the other hand, when such a series is integrated the rate100 150 200 250 300 350 400 
400 500 600 700 800 900 1000
4.215
4.220
4.230
4.235
4.225
β
K
Fig. 5. Computed eigenvalues vs. number of terms K employed in analyzing beam problem of Fig. 4.
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the transverse shear forces to each side of the of its point of application. These shear forces are dependent on the third deriv-
ative of displacement R(n) with respect to the variable n. It is inherent in the solution procedure that four integrations are
performed in order to arrive at the beam displacement function R(n) (see Eq. (6)).
Examining the second problem we ﬁnd that the applied concentrated moment represented by the Dirac function must
balance local moments which involve the second derivatives of displacement R(n) with respect to n. It is inherent in the solu-
tion procedure that only 3 integrations are performed in arriving at the beam displacement function. But there is still another
important aspect of the problem which further detracts from convergence in the eigenvalue search. This aspect centers
around the fact that it is the ﬁrst derivative of the beam displacement (slope) which must be set equal to zero, not the dis-
placement, as was the case with the ﬁrst problem. The displacement must therefore be differentiated once before the eigen-
value search is commenced. These two aspects explain why there is such poor convergence toward the exact eigenvalue in
Fig. 5.
2.3. The point supported rectangular plate in lateral vibration
In the next illustrative problem we explore use of the Dirac function in the free lateral vibration analysis of point sup-
ported rectangular plates. In particular, we focus attention on the rectangular plate resting on four point supports symmet-
rically distributed about the plate central axes (Fig. 6). It will be appreciated that all free vibration mode shapes will be
symmetrically or anti-symmetrically distributed about these axes, or symmetrically distributed about one axis while anti-
symmetrically distributed about the other. Here, we will look only at modes distributed symmetrically about each axes
(the symmetric–symmetric modes).
Accurate solutions for this family of problems have already been obtained by the author utilizing the superposition meth-
od and employing the Dirac function (Gorman, 1981). Since a detailed description of the solution procedure is provided in
the earlier publication only a brief description is provided here for the convenience of the reader.
The problem is resolved through a superposition of three quarter-plate forced vibration solutions (building blocks) de-
picted at the right hand side of Fig. 7. n and g are dimensionless rectangular plate coordinates, while symbols W and M rep-
resent dimensionless plate lateral displacement and bending moment, respectively. Non-driven edges are given slip-shear
support, i.e., these edges are free of vertical edge reaction and slope normal to these edges is everywhere zero. Slip-shear
support is indicated by two small circles adjacent to the edge. The ﬁrst two building blocks are driven by distributed har-
monic bending moments indicated in the ﬁgure. Amplitudes of these driving moments are expanded in appropriate trigo-
nometric series.
Following established procedures (Gorman, 1999) the third building block is divided into two sections by a common
boundary running parallel to the n axis and passing through the point of application of the point support located dimension-
less distances u and v from the g and n axes, respectively. Solution for the ﬁrst building block is taken in the form proposed by
Levy as,Wðn; gÞ ¼
XK
m¼1
YmðgÞ cosðm 1Þpn ð17ÞA solution in identical form is taken for the second building block but with variables n and g interchanged. Solutions for each
segment of the third building block are taken in the form of that proposed for the ﬁrst.
After substitution of the Levy type solution for the ﬁrst building block in the governing differential equation an expression
for each quantity, Ym(g) is obtained which involves four unknown coefﬁcients. These coefﬁcients are evaluated by enforcing
appropriate boundary conditions along the edges, g = 0, and g = 1. A similar type solution is obtained for the second building
block.
Solutions identical in form to that obtained for the ﬁrst building block will apply to each segment of the third building
block. Here, there will be eight coefﬁcients to be evaluated. Four are evaluated by enforcing boundary conditions along2a
2b
η
ξ
Fig. 6. Plate with four symmetrically distributed point supports.
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Fig. 7. Schematic representation of building blocks utilized in analyzing fully symmetric mode free lateral vibration of point supported rectangular plate.
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tained through enforcing conditions of continuity of displacement, slope, and bending moment along the common boundary
of the segments. Finally, the amplitude of the harmonic force exerted on the quarter plate by the point support is expanded
along the common boundary by means of a cosine series representation of the Dirac function. It is written as,PðnÞ ¼ P
XK
m¼1
cosðm 1Þpn
Dnom
ð18Þwhere Dnom equals 2, (m = 1), and equals 1, (m > 1). P* represents the dimensionless driving force amplitude.
The ﬁnal equation is non-homogeneous and relates the four remaining coefﬁcients and the dimensionless amplitude P*. It
is based on the condition of dynamic equilibrium between the distributed driving force and transverse shear forces acting
along the common edges of the building block segments. Each term in the solution for the ﬁrst and second building blocks
will be pre-multiplied by a driving coefﬁcient Em, or En, respectively. All terms in the third building block solution will be pre-
multiplied by the dimensionless quantity P*.
Eigenvalues for the point supported plate problem are obtained by superimposing the three building blocks and imposing
a condition of zero net bending moment along the quarter plate driven edges, and zero net lateral displacement at the loca-
tion of the point support. The net bending moments are expanded in an appropriate Fourier series of K terms each. This gives
rise to a set of 2K + 1 homogeneous algebraic equations relating the driving coefﬁcients. The eigenvalue matrix is composed
of the coefﬁcient matrix related to this set of equations and is represented schematically in Fig. 8 for the case where K equals
three. Eigenvalues are obtained by searching for those values of the dimensionless frequency k2 which cause the determinant
of the eigenvalue matrix to vanish. Here, k2 = xa2
p
q/D, where q equals mass per unit area of plate and D equals the plate
ﬂexural rigidity.M
M
Disp
Em En
m=1     2      3   n=1     2      3      P* 
Fig. 8. Schematic representation of eigenvalue matrix based on 3-term building block solutions.
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K
Fig. 9. Computed eigenvalues for second symmetric–symmetric mode free vibration vs K, for square point supported plate (u = v = 0.5).
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in the building block solution series, is presented in Fig. 9. Here, the point support is located at the mid-point of the quarter
plate analyzed (u = v = 0.5). It will be obvious that the convergence rate is excellent. Based on this Figure, ﬁve digit accuracy
is easily achieved. This is an accuracy almost certainly exceeding that achievable in any physical test model. Unfortunately,
unlike the beam problems discussed earlier, no exact solution is available for the present problem and comparison of com-
puted results with exact values is not possible. It is pointed out that the support point selected here does not lie on a node
line for the mode under study.
We are already aware that the actual concentrated harmonic driving force provided by the point support will differ sig-
niﬁcantly from the driving force distributed along the line constituting the common boundary of the two building block seg-
ments of the third building block and represented by Eq. (18) (the Dirac function distribution). This distribution will be
virtually the same as that shown in Fig. 3. Nevertheless, we still obtain the high rate of convergence as depicted in Fig. 9.
Again the explanation for the high convergence rate is to be found in the characteristics of the governing differential equa-
tion and the nature of the problem.
First, we return to the non-homogeneous continuity equation expressing equilibrium between the distributed driving
force of Eq. (18) and the distributed transverse shear forces acting along the common boundary of the two segments of
the third building block. The expressions for these shear forces involve the third derivatives of building block lateral dis-
placement. It is inherent, therefore, in obtaining solution for building block response, that four orders of integration are per-
formed. Furthermore, we recall that in setting up the eigenvalue matrix we require that the sum of lateral displacements, not
derivatives of displacements, at the location of plate point support must be set equal to zero. As seen earlier in our beam
studies both of these conditions lead to the high convergence rates seen in Fig. 9 when the Dirac function is employed.
2.4. The point supported plate in in-plane vibration
As a ﬁnal illustrative example we look at the problem of conducting a free in-plane vibration analysis of a point supported
rectangular plate. The problem of analyzing in-plane vibration of a rectangular plate with no local or boundary support has
already been fully resolved. Here, we will make reference to a publication describing a complete analysis of this problem by
means of the superposition method (Gorman, 2004). The analytical procedure followed is analogous to that described earlier
in studying the free lateral vibration of a point supported plate. Since all of the analytical procedure followed in conducting
the free in-plane vibration analysis of the completely free plate is provided in the above reference, only a brief description is
provided here for the convenience of the reader.
We wish to examine the free in-plane vibration of a rectangular plate which has four symmetrically distributed point sup-
ports located along two opposite edges as shown in Fig. 10. These point supports are considered to prevent plate motion2a
2b ξ
η
Fig. 10. Rectangular plate with four symmetrically distributed point supports located along two opposite edges.
.ζ
ξ
ξξ ξa
b
η
η
ηη
Fig. 11. Building blocks employed in analyzing in-plane free vibration of point supported rectangular plate.
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modes, motion along the plate central axes will be zero and plate motion perpendicular to these axes will reach a maximum
on the axes. These are referred to in the above reference as symmetric–symmetric modes and are the only kind that will be
considered here. Only one quarter of the plate need be analyzed and this analysis will be attempted here utilizing the build-
ing blocks shown on the right hand side of Fig. 11. Here, small pairs of circles adjacent to an axis indicate symmetric mode
conditions as discussed above.
Before considering analysis of the problem it is advantageous to recall dimensionless formulations for the in-plane nor-
mal and shear stresses (Gorman, 2004),rx ¼
oU
on
þ m
/
oV
og
; ry ¼ m
oU
on
þ 1
/
oV
og
and sxy ¼
oU
og
þ 1
/
oV
onwhere rx and r

y are dimensionless normal stresses acting in the n and g directions, respectively, sxy is dimensionless shear
stress, t equals the material Poisson ratio, and U and V are dimensionless in-plane displacements in the n and g directions,
respectively.
The ﬁrst two building blocks are identical to those employed in analyzing symmetric–symmetric modes of the completely
free plate (Gorman, 2004). Short arrows indicate distributed harmonic normal stresses acting along these driven edges,
which are free of in-plane shear stresses. Non-driven outer edges are also free of shear stress. It is shown that a Levy type
solution for the ﬁrst building block may be taken in the form,Uðn; gÞ ¼
X1
m¼1;2
UmðgÞ cosð2m 1Þpn2 ð19Þand,Vðn; gÞ ¼
X1
m¼1;2
VmðgÞ sinð2m 1Þ pn2 ð20ÞSubstituting Eqs. (19) and (20) into the dimensionless governing differential equations it is found that, after uncoupling
the resulting pair of differential equations involving Um and Vm, we obtain a fourth order ordinary differential equation
involving the quantity Vm(g) only,VIVm ðgÞ þ bVkmðgÞ þ cVmðgÞ ¼ 0 ð21Þ
where superscripts indicate the order of differentiation and quantities b and c are as deﬁned in the reference. The quantity
Vm(g) is readily obtained through integration of Eq. (21) and enforcement of appropriate boundary conditions. Quantity
Um(g) is easily inferred from Vm(g) through the equation coupling referred to above. Following established procedures a sim-
ilar type of solution for the second building block is inferred from that of the ﬁrst.
The third building block differs from the ﬁrst only in that its edge, g = 1, is free of normal stress and it is driven by a con-
centrated harmonic shear force acting at dimensionless distance f from the g axis. Amplitude of this concentrated driving
shear force is, of course, represented by the Dirac function expanded in the appropriate trigonometric series. In order to gen-
erate the eigenvalue matrix we require that the net normal stresses acting along the edges, g = 1, and n = 1, of the superim-
posed set of building blocks should vanish. We also require that net displacement U(n, g) should vanish at the location of the
point support.
The resulting eigenvalue matrix thereby obtained will be identical in form to that of Fig. 8. The only signiﬁcant difference
will be that here we will deal with plate edge normal stresses associated with the building blocks rather than plate bending
K1.36
1.35
1.34
1.33
1.32
1.31β
1.30 
1.29
1.28
1.27
45 50 55 60 65 70 75
15 20 25 30 35 40 45
Fig. 12. Plot of computed eigenvalue, b, vs. K, for in-plane vibration of point supported plate.
4614 D.J. Gorman / International Journal of Solids and Structures 45 (2008) 4605–4614moments. Also, we will require that net in-plane displacement parallel to the plate edge, at the location of the point support,
should vanish rather than plate lateral displacement as was the case for the earlier plate problem.
A plot of the eigenvalue, b, vs. number of terms utilized in the building block solutions for this problem as it relates to a
square plate is presented in Fig. 12. Here, b=xa[q(1t2)/E]1/2, where E equals material Young’s modulus and the dimension-
less distance f is assigned the value 0.5. It is found that no reasonable convergence is obtained here, even when the number
of terms K is caused to well exceed 75, the highest value shown in the ﬁgure.
Once again, we are compelled to search for an explanation as to why this latter point-supported plate problem manifests
such a lack of convergence as compared to the earlier plate problem. We recall that the driven edge concentrated shear load-
ing of the third building block of Fig. 11 is represented by a Dirac function. The rate of change of shear stress with respect to
the coordinate n, along this edge, must balance the shear loading represented by the Dirac function.
It is inherent in the problem, therefore, that (see earlier expression for sxy) two integrations of the Dirac function only, are
required in order to arrive at the quantity U, the displacement which we wish to set equal to zero at the point support. This is
to be compared with four integrations of the Dirac function which were required to obtain displacementW at the point sup-
port location in the previous lateral vibration plate problem. It is this vastly reduced number of integrations of the Dirac
function, two instead of four, that leads to such poor convergence rates in the in-plane point-supported problem.
3. Summary and conclusions
We have seen that the Dirac function in itself, as expanded in trigonometric series, provides a force distribution over the
interval of interest which differs signiﬁcantly from the idealized concentrated force distribution. Nevertheless, it is demon-
strated conclusively that, in spite of this difference, when employed in free vibration analysis of certain families of point-sup-
ported beam and plate problems, use of this function leads to excellent convergence. The reasons for these high conversion
rates are discussed. It is explained, in particular, that the number of integrations which the Dirac function must undergo in
working back to displacements of the structures to be analyzed is of critical importance. The more such integrations that are
required the better from the point of view of convergence of the solution. Typically, in problems involving lateral vibration of
point-supported plates four integration steps are required and good convergence in the solutions is obtained. It is demon-
strated how such convergence is not encountered, for example, in analysis of free vibration of point-supported in-plane plate
vibration problems as well as in a particular type of beam problem where less integrations are required in order to arrive at
displacements of the structure.
It is to be hoped that discussions of the actual nature of the Dirac function contained herein, and the necessary conditions
under which it can be properly exploited to obtain rapidly converging solutions, will prove beneﬁcial to researchers working
in the areas of vibration of elastic structures.
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